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Abstract 


Electron-diffraction patterns with 5-fold rotational symmetry of experimental alloy phases are 
assumed to be produced by periodic structures. Two three-dimensional periodic structures are 
presented based on regular pentagonal dodecahedrons. These structures can be used as atomic 
models to describe the alloy phases. The Fourier-transform patterns of the models are found to 
be similar to the corresponding electron-diffraction patterns of these alloy phases. Details of the 
motivations and approaches that lead to these models are also discussed. 
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1 Introduction 


According to the classical crystallographic theory, a crystal structure can have n-fold rotational sym- 
metry only if n = 2, 3, 4, or 6. As a consequence, the diffraction pattern of a crystal structure have 
only the same n-fold symmetry. 

The discoveries of the alloy phases with 5—, 8—, 10—, and 12—fold symmetry electron-diffraction 
patterns (EDP’s) consisting of sharp peaks (see [1, 2, 3, 4, 5]) have broken the crystallographic re- 
striction. 

The popular point of view is that these alloy phases are a fundamentally new class of ordered atomic 
structures that exhibit: long-range quasiperiodic translation order, and long-range orientational order 
with disallowed crystallographic symmetry; or practically these phases are randomly packed (see [6]). 
These phases are now called quasicrystals. 

The electron-diffraction patterns (EDP’s) show 12-fold rotational symmetry were observed by Chen 
Li, and Kuol®l in V-Ni and V-Ni-Si alloys in 1988. The group have interpreted their alloys as two- 
dimensional quasicrystals rather than crystals. In previous papers ([7, 8, 9]), we introduced several 3D 
periodic structures based on so-called T — polyhedron. These structures have be used as mathematical 
models to describe the V-Ni and V-Ni-Si alloy systems. The Fourier-transform patterns (FTP’s) of 
the models were in good agreement with all of the corresponding EDP’s of these alloys. 

We has found that the high-resolution electron-microscopic (HREM) image of Mn-Al-Si taken 
with the incident beam parallel to the fivefold symmetry zone axis cannot be described by Penrose 
tiling (see Fig. 3 in Ref. [10]). The HREM image has periodic characteristic formed by isolated and 
embedded regular pentagonal dodecahedrons. The positions of the sports of the EDP shown 5-fold 
rotational symmetry can be assumed to located at integral lattice points in orthogonal coordinate 
system. We will present two three-dimensional periodic models based on regular pentagonal dodeca- 
hedrons to describe the quasicrystals with 5-fold symmetry EDPs. FTP’s and chemical composition 
of the models are given. 

This paper has been organized as follows. Section 2 constructs 3D periodic mathematical model; 
Section 3 simulates the FTPs of two models; Section. 4 concludes this paper. 


2 CONSTRUCTING THREE-DIMENSIONAL PERIODIC MATH- 
EMATICAL MODEL 


Based on the preceding arguments, this study will construct periodic model which can produce strong 
electronic diffraction points at the positions in the 5-fold symmetry EDP of quasicrystals [see Fig. 1 
in [1]]. 

The study finds that the formed tiling of the projection on x — y plane of the vertices of iso- 
lated regular pentagonal dodecahedrons and embedded regular pentagonal dodecahedrons, and some 
surrounding lattice points is similar to the HREM images obtained by Hiraga et al. from Al-Mn-Si 
alloy!10] [see Figure 1 ]. 

The model generated by cubic cells are shown in Figs. 1-4. In a unit primitive cell [see Figs. 1 
and 2], there are two isolate regular pentagonal dodecahedrons and four embedded regular pentagonal 
dodecahedrons; there are three atoms to locate at the “centers” of each regular pentagonal dodecahe- 
drons; there are twenty-four atoms to locate at surroundings of the regular pentagonal dodecahedrons. 

Let r be the radius of the projection circle of regular pentagonal dodecahedron [see Fig. 1]. The 
lengths of the cubic cell are given as follows: 


lar] = 7r(5+6sin(7/10)), (1) 
la| = 4r(1+sin(a/10)) cos(7/10), 
la| = r(1+4sin(7/10)), 
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where aj, a2 and ag are primitive lattice vectors. 


Figure 1: The formed tiling of the projection on x — y plane of the vertices of isolated regular 
pentagonal dodecahedrons and embedded dodecahedrons, and some surrounding lattice points at 
C1272 8. 
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Figure 2: The projection on x — z plane of the vertices of isolated regular pentagonal dodecahedrons 
and embedded dodecahedrons, and some surrounding lattice points. 


The positions of the twenty vertices of a regular pentagonal dodecahedrons with center at (0, 0, 
0) are listed in Table 1. 


Table 1: The positions of the twenty vertices of a regular pentagonal dodecahedrons with center at 
(0, 0, 0) where j = 1,2,3,4,5. 


i -th layer zi u zi 
1 2r sin(a/10) cos(7277 /180) r sin(7277/180) r(1 + 2sin(7/10))/2) 
2 r cos(7277 /180) r sin(7277/180) —r(1 — 2sin(7z/10))/2) 
3 r cos((727j + 36)/180) rsin((727j + 36)/180) r(1-— 2sin(m/10))/2) 
4 2r sin(a/10) cos((7277 + 36)/180) rsin((7277 + 36)/180) —r(1+2sin(a/10))/2) 


bi 


The positions of the three “centers ” of a regular pentagonal dodecahedrons with center at (0, 0, 


0) are given in Table 2. 
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Table 2: The positions of the three “centers ” of a regular pentagonal dodecahedrons with center at 


(0, 0, 0) 
i -th layer ai, yi zi 
1 0 0  r(1+2sin(t/10))/2) 
0 0 0 0 
4 0 O -—r(1+2sin(7/10))/2) 


Therefore the edge length of a regular pentagon is 


c = 4r sin(a/10) sin(7/5). (4) 


Figure 3: That each regular pentagonal dodecahedron translates along z — axis direction generates a 
dodecahedron whose faces have two pentagons and ten triangles with the same edge length 
4r sin(a/10) sin(7/5). 


That each regular pentagonal dodecahedron translates along z — axis direction generates a dodec- 
ahedron which has two pentagons and ten triangles with the same edge length 4r sin(a/10) sin(7/5) 
[see Fig.3]. 


Figure 4: There-dimensional image of isolated and embedded regular pentagonal dodecahedrons with 
thirty-six surrounding atoms (colored by green). 


Let CÅ (i = 1,2,...,6) be the centers of the six regular pentagonal dodecahedrons (denoted by 


Cj, j =1,2,...,6) in the a unit primitive cell. Cre can be denoted as follows: 
Co = (0,0,0), (5) 
C2 = (2r(1+sin(m/10)), 0,0), (6) 
cè = C#+r(1+2sin(z/10)),0,0), (7) 
Ci = (—rcos(2r/5),r(1 + 4sin(7/10))/2,0), (8) 
Cë = Cé4+r(14+ 2sin(x/10)),0,0), (9) 
CÊ = OŠ + (2r(1+sin(x/10)), 0,0). (10) 

Then the position of the vertices of the mth regular pentagonal dodecahedrons can denoted by: 
ae =O +@) ye), j= 1,2,3,4,5; i = 1,2,3,4m = 1,2,...,6. (11) 


Let Ce (s = 1,2,...,8) be the positions of the surrounding atoms on z = 0 plan. Let Ce and c3 
be the positions of the surrounding atoms on z = r(1+2sin(7/10)) ê c plan, and z = —c plan. Then 
these positions have as following forms [see Fig. 4]: 


C$! = (—2r(1 + sin(/10)) cos(a/5), —2r(1 + sin(a/10)) sin(7/5), 0), 12 
C$? = (2r(1 + sin(z/10)) cos(a/5), —2r(1 + sin(a/10)) sin(7/5), 0), 13 
C$ = (—r(3 + 2sin(r/10)) cos(r/5), —r(3 + 2sin(7/10)) sin(7/5), 0), 14 
C#4 = (r(3 + 2sin(a/10)) cos(m/5), —r(3 + 2sin(m/10)) sin(/5), 0), 15 
C$° = (—2r(1 + sin(1/10)) cos(m/5), 2r(1 + sin(m/10)) sin(7/5), 0), 16 
C$ = (2r(1 + sin(a/10)) cos(a/5), 2r(1 + sin(1/10)) sin(/5), 0), 17 
C$" = (—r(3 + 2sin(a/10)) cos(7/5), r(3 + 2sin(m/10)) sin(/5), 0), 18 
C# = (r(3 + 2sin(1/10)) cos(1/5), r(3 + 2sin(2/10)) sin(7/5), 0). 19 
C3! = OF" + (0,0,c), 20 
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In summary, we construct a cubic cells model. In a unit primitive cell, there are 120+3x6 + 3x8 
= 162 atoms. The distance d of two atoms located the vertices of regular pentagon is equal to 


d = 4r sin(7/10) sin(a/5) ~ 0.7265263r (36) 


Observe Figs. 1, 4 and 5, we can conclude that the distance between an atom at the center of a regular 
pentagon dodecahedron and the vertices of the regular pentagon dodecahedron is the maximum atom 
distance in the model. It is to equal 


Amax = ry (2sin(7/10))? + ((1 + 2sin(a/10)))?/4 ~ 1.018074r (37) 


The distance between an atom at the center of regular pentagon and the vertices of the regular 
pentagon is the minimum atom distance in the model. It is to equal 


dmin = 2r sin(z/10) ~ 0.618034r (38) 


min 
Figure 5: The distances between two neighboring atoms in the model. 


3 Fourier-transform of the regular pentagonal dodecahedron model 


Now we use the primitive lattices vector aj, ao and ag to express the coordinates of the atoms defined 
by (5)—(35). 
(1) For the atoms located at the positions defined by (5)-(10) 


Ch = ania + oia + y0ia3 for 1<i <6. (39) 


(2) For the atoms located at the positions defined by (11) 


Cr = ala + BM ag + yas for 1<i<4; 1<j<5,1<m<6. (40) 


item For the atoms located at the positions defined by (12)-(19) 
CS" = af a + pf as +o ag for 1<i <8. (41) 


(3) For the atoms located at the positions defined by (20)-(27) 


C3" = ada, + 03 az + y3 as for 1<i<8. i 


(4) For the atoms located at the positions defined by (28)-(35) 
o = a'ai + Be" ag + y” ag for 1<i<8. (43) 


Therefore the distribution of atoms in the model can be expressed by the function 


+00 +00 +00 6 
ar) = YY DM (>: fid(r — (h + aviar) + (k + Boas) + (L + yoias))+ 
h=—oo k=—oo | 


i=1 
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XOY Y fimôlr — (h+ agja) + (k + poaz) + (1+ vg as))+ 
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8 
X Jisiô(r — (h + aftar) + (k + pi'a) + (l + yfas))+ 
j=l 


8 
J fasid(r — (h + aay) + (E + B'a) + (I+ q3'as))+ 
i=1 


8 
`> f3si0(r — (h + ašiai) + (k + Siap) + (l + jan) (44) 
i=1 
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where fi, fijm, fisis fosi and fs; are the scattering factors of the atoms at the positions Gi, oe 


Cy", C3” and C$”. For sake of simplicity, let fi, fijm, fisi, fasi and fssi equal to one. 
The diffraction intensity I(h, k,l) (Fourier-transform pattern) at the reciprocal-lattice point ha} + 
kaj + lag is given by 


oo oo eS] 2 
TARE n 1 i f djep iat + kak + lat))dadydz. (45) 


where u is a constant. 


6 
I(h,k,l) = u ibs fi cos(2m(hag; + kGoi + lyoi))+ 


i=1 
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5 ihe sin(27(has' + k3' + ly8")) 
i=l 
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3 fssi Sin (20(hag + ke! + lys')) (46) 
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By formula (46) where let u = 0.0001, the Fourier-transform of the model in a plan orthogonal 
to the “5-fold axis is shown in Fig. 6. Diffraction spots are shown as circles whose diameters are 
proportional to their intensities; the sports whose intensities are less than 0.05/(0,0,0) are omitted. 
The pattern is very similar to the corresponding EDPs. Figure 7 shows such a typical EDP pattern 
of a quasicrystal with five-fold rotational symmetry H, 

In addition, if r = 3.58A, then the volume of the unit primitive cell of the model is 24.5377 x 
17.8276 x 8.0051A°, and the interatomic distances of the model are d = 4sin(/10) sin(a/5) ~ 2.6010A, 
dmin = 2sin(7/10) % 2.2126A, and dmar % 3.6447A. Furthermore, if the Al atoms at the positions at 
the vertices of the regular pentagonal dodecahedrons and the surrounding points on the place z = 0, 
and the Mn atoms at the other positions. Then there are 128 Al atoms and 34 Mn atoms in a unit 
primitive cell. Hence the chemical composition of the model is Al79.01Mnə20.99 which is very closed 
to the chemical composition of five fold rotational symmetry quasicrystal [l]. Therefore the atomic 


Figure 6: Fourier transform of the model in a plan orthogonal to the “5-fold axis”. 


Figure 7: The digitized EDP of a quasicrystal with 5-fold rotational symmetry. 


Now if we add four regular pentagonal dodecahedrons whose centers at the positions C#!, Cf?, Cf? 
and C#°. The Fourier-transform of the new model in a plan orthogonal to the “5-fold” axis is shown 
in Fig. 8. Diffraction spots are shown as circles whose diameters are proportional to their intensities; 
the sports whose intensities are less than 0.02/(0,0,0) are omitted. The pattern is also very similar to 
the corresponding EDP shown in Fig. 7. If the Mn atoms at the positions at the vertices of the new 
four regular pentagonal dodecahedrons. And the Al atoms at the other positions. Then there are 164 
Al atoms and 40 Mn atoms in a unit primitive cell. Hence the chemical composition of the model is 
Algo.39Mnj9.61- 


Figure 8: Fourier transform of the new model in a plan orthogonal to the “5-fold axis”. 


In summary, two periodic models can generate the Fourier-transform patterns which are similar to 
corresponding EDPs of “5-fold symmetry” quasicrystals. The chemical composition of the two model 
are both very closed to the chemical composition of the five fold rotational symmetry quasicrystal H, 


If the idealized EDPs of “5-fold symmetry” quasicrystals have 5-fold symmetry in a mathematical 
sense, then we can conclude that the HREM images of the quasicrystal imply that the quasicrystals 
are perturbed quasiperiodic structures. 

But we can also reasonably assume that the diffraction dots in the idealized EDPs of “5-fold sym- 
metry” quasicrystals are located at corresponding integral lattices points in an orthogonal coordinated 
systems [see Figs. 6, 8] which are hardly distinguishable form a pattern with 5-fold symmetry in a 
strict sense [see Figs. 6, 8 and 9]. This means that the “5-fold symmetry” quasicrystals are essentially 
crystals but not belong to the classical crystallographic space group because not one of the diffraction 
patterns of the space group has the approximate “5-fold” symmetry. In this case, we can conclude 
that the HREM images of the “5-fold symmetry” quasicrystals are perturbed nonclassical crystals. 

We prefer the second interpretation since it agrees with the widely held assumption of crystallog- 
raphy and solid state physics— pure solids are either crystalline or glassy. 
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Figure 9: The the distributions of the centers of some diffraction circles in Figs. 5 and 7 show almost 
perfect 5-fold rotational symmetry. 


4 Conclusions 


Penrose tiling is used widely to describe 5-fold quasicrystals. However it cannot describe the HREM 
of the AL-Mn-Si 5-fold quasicrystal reported by Hiraga et al.401, This study presents two periodic 
mathematical models based on regular pentagonal dodecahedrons. The projections of the two models 
on x — y plan can describe better the HREM [see Fig. 2 and Fig. 10] reported by Hiragaet al.10] than 
Penrose tiling. The FTPs and chemical compositions of the two models are also close to the ones of 
the corresponding 5-fold quasicrystals. 

Let N denote a three-dimensional lattice point set and let the infimum of the distances between 
two neighboring lattice points in N be larger than zero. Then for any small enough positive number 
€, we can construct an orthogonal (or an oblique) coordinate system A such that for any lattice 
point (x,y,z) in N, there is an integral lattice point (h, k,l) in A satisfying the condition that the 
distance between (x,y,z) and (h,k,l) is less than e. The above fact allows us to believe that the 
EDP’s (Refs. [1, 2, 3, 4, 5]) with fivefold, eightfold, tenfold, and twelvefold symmetries are produced 
by periodic structures, respectively). Non classical periodic structures are also well candidates to 
describe quasicrystals. Researches along this line are promising. 
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Figure 10: A part of the HREM of the Al-Mn-Si 5-fold quasicrystal reported by Hiraga et al., (10) in 
which white lines consist of so-called Penrose tiling [Courtesy of K. Hiraga, Tohoku University]. 
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